We investigate the behavior of the free energy of the p-spin interaction variant of the SK-model for high temperatures. We admit arbitrary distributions of the interactions given that their distribution is symmetric around the origin and some exponential moment is finite. We show that there is a critical temperatureβ depending on p such that for β <β the free energy of the p-spin interaction model has normally distributed fluctuations.  2004 Elsevier SAS. All rights reserved.
Introduction
Spin glasses have been in the centre of interest of probability theory and statistical mechanics in the past decade. The reader interested in the various aspects of spin glasses is referred to the excellent book by Mèzard et al. [11] for the physicists' point of view or to the lecture notes by Talagrand [14] , his very recent book [15] or Bovier's lecture notes [3] for mathematical aspects of the models.
The following model can be considered as a generalization of the famous Sherrington-Kirkpatrick model (SKmodel for short) of spin glasses with interaction (also called coupling) between each p-tuple (p 3) of spins. However, the reason for considering this model has not been the desire for generalization but the hope that its low temperature behavior is much simpler than that of the SK-model, so that it should be regarded first. Indeed, such an analysis is nowadays largely available, see the article by Talagrand [12] or his book [15, Chapter 6] .
To define the p-spin interaction model we shall start with a sequence (σ i ) i∈N of independent random variables σ i : Ω σ → {−1, 1} with P σ (σ i = −1) = P σ (σ i = 1) = 1/2. Introducing the notation ı ∈ • The distribution of J ı is symmetric (with respect to the origin).
• J ı has exponential moments, i.e. E J exp(tJ ı ) < ∞ for some t > 0.
• The variance of J ı is 1.
Of course, we have E J J ı = 0 with E σ and E J denoting the expectation with respect to the probability distributions P σ (of σ ) and P J (of J ) respectively.
Let finally the Hamiltonian H N : Ω σ × Ω J → R be given by
Our main object of interest is the behavior of the free energy of the model. To introduce it let
be the partition function at inverse temperature β > 0. The free energy of the system is defined as
We will be interested in the thermodynamic limit of the quantities Z N and f N (the limit as N → ∞) which in fact strongly depends on β. Naively, we could expect Z N to obey a Law of Large Numbers as N tends to infinity, i.e. we would expect that Z N behaves like E J Z N or rather that
(in probability as N → ∞). It is not difficult to check that the limit on the right-hand side of (1.1) exists and equals
2 (under the assumptions on the interactions stated above). This limit f a in (1.1) is called the annealed free energy. On the other hand one would expect the random variable f N to behave like its average E J f N , i.e. we would expect that
(in probability as N → ∞) provided the latter limit exists. The limit f q in (1.2) is called the quenched free energy. But (1.1) and (1.2) are likely to contradict each other because by Jensen's inequality
Indeed, it turns out that a form of (1.2), namely
is true for all temperatures, while the validity of f a = f q and hence that of (1.1) is a genuine high temperature phenomenon.
The critical temperature β c of the p-spin SK-model depends on p and is defined as the largest β such that (1.1) holds, i.e.
An example to be kept in mind is that of the couplings (J ı ) ı being i.i.d.and standard Gaussians, i.e. N (0, 1)-distributed. This is in fact the only example which has been rigorously investigated so far for p 3 (see the contributions by Talagrand [12] , [15] , by Bovier et al. [4] and Kurkova [10] ). Note that the definition of the critical temperature agrees with the result for the critical temperature in the usual SK-model, where one can show β c = 1 (see e.g. [1, 5, 6, 13] ). In contrast to the case p = 2 one has not yet been able to calculate the critical temperature for p 3, not even for i.i.d.standard Gaussian couplings. For the latter case Talagrand [12] gives the bounds
Moreover it can be proven that for Gaussian couplings β 2 c → 2 log 2 as p → ∞. This could also have been expected since √ 2 log 2 is the critical temperature in the Random Energy Model [7, 9] , where the Hamiltonian is the sum of 2 N independent Gaussian variables.
It is easy to see that indeed the limit (in probability)
holds in the entire high temperature regime, that is for all β < β c (basically because the function exp(β·) becomes "less convex" for small β). This can be considered a Law of Large Numbers for the free energy in the high temperature regime. In this article we will treat the fluctuations in the sense of a Central Limit Theorem from this Law of Large Numbers. We are inspired by the following result by Bovier et al. [4] . 
The related question for p = 2 was answered by Aizenman et al. [1] using combinatorial techniques and by Comets and Neveu [6] via methods from stochastic calculus (which are available for Gaussian couplings J ı only). For p = 2 an additional centering is necessary, since E J log
does not converge to zero in the CLT scaling. We have been challenged by Theorem 1.1 due to the following reasons. First of all the requirement that the couplings are i.i.d. Gaussians seems to be unnecessarily restrictive for a Central Limit Theorem to hold. Usually one would expect the validity of a Central Limit Theorem to depend on some moment assumptions of the underlying variables, but not on the fact that they are themselves some functions of Gaussian variables. Moreover the proof of Theorem 1.1 seems extraordinarily long (approximately 25 pages) and we were expecting that exploiting the symmetry of the couplings could possibly shorten this proof. Indeed we are presenting an elementary proof of the following result. 
Moreover we haveβ(p) → √ log 2 for p → ∞. From Theorem 1.2 we readily deduce the corresponding Weak Law of Large Numbers (which has only been established for Gaussian interactions) and hence a bound on the critical temperature that is independent of the specific distribution of the interactions. The proof of Theorem 1.2 starts with the useful decomposition of the partition function as in the paper by Aizenman et al. [1] while later on we use the particular structure of the p-spin models (p 3) that simplifies computations.
Proof
We start with the simple identity e x = cosh(x) · (1 + tanh(x)). Using the odd symmetry of tanh and the even symmetry of cosh we obtain Z N = Z N · Z N where
due to the symmetry and independence of the J ı 's. We first aim at showing
Indeed, since
. Now the first term by the CLT for sequences of independent random variables converges as proposed in (2.2) Proof. For the proof we fix ε > 0 and observe that for large N by Chebyshev's inequality
Now taking a closer look at Z N by simply expanding the product we obtain ı∈(
where here 
k=1 E k and the obvious meaning for τ ξ . Now by the properties of the variables (J ı ) ı we have
Therefore the proof is complete once we have established the following lemma. 2 Lemma 2.2. For every β <β (withβ specified in (2.5)) we have
Remark 2.3. Notice that the event {σ
and thereforeβ √ log 2 is unavoidable at this stage of the proof. Of course, rather than being coincidental this points to the heart of the (mathematical) meaning of β. In fact, using 1
where
The next lemma treats the L 1 -boundedness of (2.4), i.e. the boundedness of
which is certainly necessary for Lemma 2.2 to hold and substantially depends on β.
Lemma 2.4.
For every β <β (with β specified in (2.5)) the sequence
Proof. It suffices to prove the boundedness of
. Now fix 0 < β <β and observe that
Clearly Recall that we already know the limit in (2.6) to be non-negative due to (2.3). Now making use of the inequality
Eq. (2.6) will clearly follow if we can establish
for β <β. But since
we have Remark 2.7. Of course, a result like Lemma 2.6 can in principle be derived from Moderate Deviation Theorems as proved in [8] (see also references therein). However, we felt that at this stage it would be nice to keep this paper self-contained, in particular as the proof of Lemma 2.6 is not very long. we finally obtain a decay of at least e −C p N 2a/p which finishes the proof. 2
